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Abstract - In this paper, we use the no-response test idea, introduced in [4] for the inverse obstacle
problem, to identify the interface of the discontinuity of the coefficient v of the equation (V - v(z)V +
c(x))u(z) = 0 with piecewise regular v and bounded function c(z). We use infinitely many Cauchy data
as measurement and give a reconstructive method to localize the interface. We give the convergence proof
of the no-response test in two ways. The first one contains a pointwise estimate as used by the singular
sources method. The second one is built on an energy (or an integral) estimate which is the basis of the
probe method. As a conclusion of this, the no response can be seen as a unified framework for the probe
and the singular sources method.

1. INTRODUCTION AND STATEMENT OF THE RESULT

1.1. Introduction

The inverse boundary value problem for identifying an inclusion inside a conductive medium from infi-
nitely many measurements was initiated in [3]. Isakov proved uniqueness for identifying the inclusion D.
Later, in [2], a method for identifying the inclusion was proposed.

For the inverse obstacle problem, in [4] the no response test is proposed to localize an obstacle from
finitely or infinitely many measurements and in [6] we find the description of the singular sources method
for shape reconstruction. The purpose of this paper is to use the idea of the no-response test to reconstruct
the inclusion from infinitely many measurements and to clarify its relation to the probe and the singular
sources method.

We show that the functional of the no-response has two different versions of lower estimates. One is
of energy type. It is exactly the one of the probe method as it is given in [2]. This implies that in any
case where the probe method converges then the no-response test also converges. The other version is of
pointwise behavior. Its behavior is exactly the one of the singular sources method, see [6]. We will use
this second version to give another convergence proof of the no-response test.

The paper is organized as follow. In the following subsection we formulate the problem and describe
the no-response test for this problem. In section 2, we recall the probe method and the singular sources
method in details and state the result. In the section 3, we give the idea of the proof of the result and
the relations of these three methods. The complete version of this work is given in [5].

1.2 Statement of the result

Let Q be a bounded domain in R, n = 2,3 such that the boundary 9Q has the C? regularity. We
assume that Q contains a bounded domain D with its boundary D. We suppose that D has the C1:!
regularity. We consider a function v of the form

Y(z) == 1+ xpA(z),

where xp is the characteristic function of D and A(z) is a C*(D) function satisfying A(z) > 0 in D. We
denote by
L,:=V-4V and M, :=L,+c(x),

where ¢(x) is a bounded measurable function.
Let @ be the fundamental solution of M; and @' be the one of L; where M; and L; are M, and L,
when v(z) = 1, z € Q, extended by 1 to R™\ © and ¢(z) extended by zero to R™ \ 2.
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Further, consider f € H2(8Q) and let uf be the H*() solution of

Mwufzo in Q, (1)
uw/ =f on 0.

This problem is well posed by assuming that zero is not an eigenvalue for the operator M,. By taking
all the functions f € H %(89), we define the Dirichlet to Neumann map

1 1 out
A: Hz2(09) — H 2(09), f+— A(f) = $|ag,

where v is the exterior normal of 0f2.
Definition (Inverse Problem.) Let the function c(x) and the Dirichlet to Neumann map A be known.
Our task is to reconstruct the interface D of discontinuity of the coefficient v(x).

Now, we explain the idea of the no-response test introduced in [4] for the inverse obstacle problem

and show how to adapt it to our problem.
The no-response test. By (1) and Green’s formula, we write

@) = [ w0 gy

+ [ B e - ) ayi’j} (), ®

for x € Q\ D. Letting  — 9 in (2) and using Green’s formula, we obtain

uf X
(o) = g0+ [ (Gt - )T ast)

oul o 0d(x,y) <
[ G wetn - %Y as) ®

for x € 0. From our Cauchy data on 052, we know the function

Uf X
@) =@ - [ {5 et - a), oeon

By (3) we have
ou’ O®(x,y)
f — bl _auf ’
s = [ G -G s, e on "
For ¢ € L?(09Q) we define the single layer potential v[p](y) by

olel(y) = /6 Baeis)  yen

Multiplying (4) by ¢, integrating over 92 and exchanging the order of integration, we obtain

/ T (@) (x)ds(x) (5)
o0

- [ e { ] (Grwewn-vwZEl) aw} asw
-/ {%f@) | eoreaise) ol o) [ o5 asia) | sty

ov(y)
Hence o ool
g7 ds(z) = / {“ — ol (y) 2P } ds(z). 6
| P @e@aso) = [ {Twld -l w35 } st (©
Let now B be a domain inside €. We define the functional
loa(B) = sw [ @)p()is(a) g
(f,p)EM, 5 (B) 100
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where
Mao(B) = {(f,¢) € HO9) x L2(00) : [vle]lm ) < @
and || f — v[¢]|r200) < 62}- (8)
Our main indicator function is defined by
IB) = lim 1. (B) (9)

Note that it is defined on a set of domains, not in the underlying ’physical’ space. Now, using the data
given by the Dirichlet to Neumann map we may calculate the functional (6) or the indicator function
I(B) defined in (7), respectively. In section 2, we give the proof of the following theorem which gives a
reconstructive way how to localize 0D.

Theorem

We have the following characterization of D from the Dirichlet to Neumann map:

D= ) B,
BeB
where B := {B C Q: I(B) =0}.
2. THE PROBE AND SINGULAR SOURCES METHODS

Now we recall the probe and the singular sources methods.
The probe method. The functional of the probe method is defined by

/ (A= Ao)f(2) - f(x) ds(z),
o0

where Ag is the Dirichlet-Neumann map when v =1 in 2.
Let now z, € Q\ D such that z, tends to z €  when p tends to co. We set E(z,) any regular domain

such that z, € Q\ E(z,) and D CC E(z,) C Q. Using the Rungé approximation, we can find a sequence
of functions, v}, such that || v — ®(-,2,) || g1 (k(z,)) tends to zero when n tends to oco.

We take now f, , := v% |gq and evaluate [, (A — Ag)fE2(x) - fP(x)ds(x) , then, see [2], for every p
fixed we obtain

lim (A= Ao) fP(x) - fP(x)ds(z) = /D A(z)(Vw, + V) (z) - VO(x)dz (10)

where w),, is the H'-solution of

Myw, = =V - xpA(z)V®(-,z,) in Q,
wp =0 on 0.

The characterization of z to be in 0D is given by the testing

lim (A= Ao)fr(x) - fr(z)ds(z) = oc.
P00 Ja0
The singular sources method. For this method we take ¢(z) = k* > 0, constant. One can find a
sequence of densities g7 (£) such that v? := [, e’**gP (€)d¢ tends to D(-, zp) in E(z,) with the H'-norm,
see [1] or [6].
We define u? as the solution of
{ Mub =0 in Q,
ub =P on ON.

P .— P — P satisfies:
Then w? := u? — vP satisfies:

{ M,wt = -V - xpA(zx)V®(-,z,) in Q,

P — P — P
wk =ul —vP on Of.

Tending n to oo, we deduce that w? tends to w? in H'(Q2) which the solution of (11). From the data

ouP
P
(un> 81/"

) laq, we compute via the point source method the values u? (z,), then we compute
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lim (uf(zp) — vp(2p)) = W (). (12)

n—oo

The characterization of z to be in 9D is given by the testing lim,_. ., wP(z,) = co.

3. THE IDEA OF THE PROOF OF THE THEOREM AND A RELATION BETWEEN
THE THREE METHODS

3.1 Description of the proof

We give the proof for the case n = 3. The case n = 2 can be treated similarly with the appropriate
changes for the behavior of the related fundamental solutions. We denote by N the set of positive inte-
gers. We start by proving the first part of the theorem.

3.1.1 Case one
Let D be such that D C B. Let also ¢ € L*(99Q) be such that [[v]¢]||m1(p) < €1 and f € Hz(09) be
such that || f — v[¢]||r2(90) < €2. Then the function w := uf — v[yp] € L*() satisfies
Myw=-V-A(z)xpV(v[p]) in Q (13)
w=f—v[¢] on ON.

We decompose this function into w := -+ where @ satisfies (13) with homogeneous boundary condition
and w the solution of (13) with homogeneous equation in €. Hence we have @] g1y < cer and
@] 1 (ry < ceo for every F CC Q. Then also |[w] 1y < c(e1 + €2) for every F' CC Q. Taking F = B,
we deduce that ||u||g1(5) < c(e1+€2). Hence I, ¢, (B) < c(€1+€2)?. This means that if we have D C B,
then:

I(B) =0.

3.1.2 Case two

We suppose that 9B N D # (). We take a point a in D \ B and a sequence z, € Q \ (D U B) such that
zp tends to a. We denote by E(z,) an open domain containing D and B such that z, € Q\ E(z,). We
consider the sequence of functions ®(-, z,). We have the following lemma.

Lemma
For every p € N, we can find a sequence of functions ¢P (z) € L*(9S) such that
lvleh] — BL(-, 2p) |51 (B(2,)) tends to zero when n tends to oo, where 3 is a constant independent on x.

Now for every p € N fixed, we have:

ul

F(2)? (2)dx = — (y)v[eP] — u' vien)
| H@onein = [ (Gowri) /)

ov(y)

)ds(y)-

For every p € N, let (f£),, C Hz(99Q) be such that || f? — v[P]ll 22 (o) tends to zero when n tends to
0o. We define u/n the H'()-solution of the problem:

f’II;: 1
{Mqu 0 in €, (14)

ufn = fP on 0.

Proposition 1
We have:
lim JI ()P (z)dx| = 0o
p,n—0 |50

By Proposition 1 and case one, we deduce the first part of the theorem. There are two ways to prove
Proposition 1. In the following subsection we explain them.

3.2 Two representations for the blowup
We set wP := ufn — v[pP]. Hence wk satisfies:

M wt = =V - xpA(z)Vu[pP] in Q,
wk = fP —y[pP] on ON.
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We write w? = wP 4 w? where WP satisfies

WP =0 on ON.
and wP is a solution of .
Mw? =0 in £,
Vi e on 1

For p € N fixed, we obtain that v[¢?] tends to B®(-, z,) on any subset of E(z,) in the H! norm (see
Lemma). Hence, the right hand side of (16) tends to —8V - xpAV®(, z,) in H~1(£2). From Lax-Milgram
lemma we deduce that @?P is bounded in H!(f2) and tends weakly to some w € H'() which satisfies
in the distribution sense Myw = —BV - xpAV®(:, 2,). Similarly @w® is bounded in Hz(09) and, hence,
converges strongly to w in L?(9Q). Thus, w = 0 on 9.

Consider the problem (17). Since | fF — v[¢h]|r2(a0) tends to zero as n tends to oo, by interior
estimates we deduce that @? tends to zero in H'(B) For all B CC Q. Finally, we deduce that w? tends
to w(-, 2,) € HY(Q) in H(B) for every B CC , where w satisfies:

Myw= -0V -xpA(@)V®O(-,z,) in Q, (18)
w=0 on JN.
Since D C E(z,), the previous argument and Lemma imply that:
» ouln  w[p?) »] Ov[pP]
IES D — D _ 27l Pl _ o fh n
[ sttt = [ ot | % - 20 o fogen - urt) 202 auge)
tends to 5 9%
w
5[ {ataGe —uGit)} dsa) (19)

I. Integration in Q\ D: The pointwise version of the no-response test. Using the Green’s
representation formula applied in Q \ D, (19) becomes:

ow
Bulegnzn) =0 [ B(ez) S dso) (20)
oQ v
II. Integration in D: The integral version of the no-response test. We set ® := ®(-,2,) and
write:
ow 0P
O— —w——rd
Lolos - f s
o(w+ ) 0P
= b——- — d)— . 21
[ {2 s ) L) (21)

We remark that w + ® satisfies V- vV (w + ®) = 0 in D and recalling that A® = 0 in D we deduce that:

/aD {(Da(liajq)) - (w+‘l’)g(f} ds(z) =

B A(w + @) o®
- _/aD {(I)(l—i—A(a:))W—(w—i—(I’)W} ds(z)

= / A(x)Ve® - V(P + w) dz (22)
D
where v is the unit normal oriented into ©\ D. Hence, [, JIn (x)¢k (x)ds(x) tends to
ﬂ/ A(x)VP - V(P + w) de. (23)
D

3.3 Outline of the Proof of Proposition 1
Now for every € > 0 fixed, we choose:

—1

1= 8(apnc) = § [mast [ (o5 Pa0, [ V.00, 5P
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With this choice, we have [|3®(-, zp)||a1(s) < §. Since [[v[ph] — BL(-, 2p) |51 (B(2,) tends to zero as n
tends to oo, for n large enough we obtain [[v[@h]|| ;1 5) < € and [[v[eh] — fR12(00) < €.

As a conclusion we have a sequence of functions ¢ such that for every fixed p € N there is N(p,¢) € N
such that for all n > N(p, €) we have

[olenlllar sy < e and £ = vleplllza0) < e

This sequence has the property: for p fixed, [,, J/7(2)¢? (x)ds(x) tends to

0
Bl =B [ B5) Sds(a).

The function w is called the reflected solution to the system M,. The following proposition gives
some properties of w.

Proposition 2
1) The sequence w(zp, zp) tends to oo when z, tends to a.
2) The sequence [y, (-, zp)‘?d—;”ds(:v) is bounded with respect to p.

We remark that 3(z,, €) is bounded with respect to z, since (2,)pen CC 2\ B. Proposition 2 implies
that
lim T ()P (z)ds(z) = oc.
=0 Joq
Hence I.(B) = co. We proved the theorem.
On the other hand we can show the blowup of [, JT7 ()¢ (x)da by using (23). This is the way of
the probe method, see [2].

3.4 Some comments on the relation between the three methods
The limit (23) is the one related to the probe method (10). The behavior of the pointwise estimate of
the no-respose test (20) is exactly the one of the singular sources method (12). The convergence of the
no-response test is a consequence of the convergence of either the probe method or the singular sources
method.

Since it is known that the integral (23) diverges as z, tends to 9D, see [2], then
Joq I (2)9% (x)ds(x) diverges also.

To prove the convergence of these methods, the energy version is easier, see [2], since the pointwise
estimates are more difficult to establish than the energy ones. Regarding the stability, the pointwise
version is more suitable, see [6].
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